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Introduction

ANY computational fluid dynamics (CFD) problems are

characterized by flows that are incompressible in most of
the domain with embedded regions where compressibility effects
are significant and cannot be neglected. Examples include airfoils
at takeoff conditions, leaks from pressurized tanks, and anti-icing
devices such as Picolo tubes. Viscous flows spanning this range of
compressibilityare notoriously difficult to solve with density-based
methods as the continuity and energy equations present indetermi-
nacies in the limit of vanishing Mach number [see Eq. (4)].! Precon-
ditioning of density-basedequations has met with better success for
inviscid flows than for viscous flows. An alternative is to extend an
incompressiblepressure-basedformulationto the compressibleflow
regime.>? This Note proposesa pressure-basedformulationcapable
of handling compressible and incompressible flows. The approach
is general and applicable to both viscous and inviscid flows and to
cases with variable fluid properties>*

Modeling of the Problem

The flow regime of interest is steady, laminar, and compressible,
with variable fluid properties, and includes heat-transfer effects. It
is modeled by the continuity, Navier-Stokes, and energy equations

=Veu=(1/p)u-Vp
pu-Vu=-Vp+V-[u(Vu+Vu')y = 2ul V-u] + pf
pcpt - VT =u-Vp+V-AVT) + pg, (1)

where u is the velocity, p the density, p the pressure, u the fluid
viscosity, I the identity matrix, f a body force, ¢, the specific heat
at constant pressure, I’ the temperature, A the thermal conductivity,
and g, a heat source. The fluid properties i, ¢,, and A are either
constant or temperature dependent. The temperature dependence
used here is given in Table 1. These relationshipscorrespondto the
correlations suggested by Aihara et al.,’> which are valid between
280 and 650 K. Finally, the subscript r denotes a reference state.
The perfect gas equation of state closes the system:

p = p/RT 2)

In this expression R is the thermodynamic constant of the gas.
Dirichlet and Neumann boundary conditions complete the state-
ment of the problem.

A pressure-based finite element method is used to solve the pre-
ceding equations. Hence only velocity, pressure, and temperature
are discretized. Density is evaluated through the equation of state.
Thus, the continuity equation can be written as

—Veu=1/pu-Vp—_1/T)u-VT 3)

Presented as Paper 99-0875 at the AIAA 37th Aerospace Sciences Meet-
ing, Reno, NV, 11-14 January 1999; received 22 April 2000; revision re-
ceived 19 July 2001; accepted for publication 31 July 2001. Copyright ©
2001 by E. Turgeon and D. Pelletier. Published by the American Institute
of Aeronautics and Astronautics, Inc., with permission. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0001-1452/01 $10.00in
correspondence with the CCC.

*Graduate Student, Département de Génie Mécanique.

"Professor, Canada Research Chair in Multidisciplinary Analysis,
Département de Génie Mécanique. Associate Fellow ATAA.

Table1l Temperature dependence
of air properties

Property Dependence
p/cp, (T/T,)*%
w/ (T/T,)068
. (T/T,)°76

Although mathematically correct, this form of the equations yields
indeterminacies in the limit case of vanishing Mach number. A
nondimensional form of the equations can shed light on this issue.
We seek a nondimensional formulation, free of indeterminacies,
suitable for all flow regimes: compressible [p = p(p, T)], anelastic
flows [p = p(T)], and (p = constant). Our starting pointis the usual
dimensionless form used in aerodynamics:
X=x/L,,

T=T/T,, 5=p/p.

ﬁIM/Ur, 15=P/Pu 5P:CP/CP»"

where p, = p, Ur2 is a pressure scale. The subscript r stands for a
reference state, typically the freestream conditions. This yields the
following nondimensional system:
—Veu=q/pa-Vp—QQ/Da-VT
pi-Vi=—Vp+1/Re)V - [a(Va + Va") — 21 V -a| + of

pé,it-VT = (y, — DM*u-Vp + (1/Re Pr)V - WV T) + 54,

p=v.M}(p/T) )
where
rUrLr r r UY
Re = P , Pr = M_Cf", = —_—
" W Jv.RT,

These equations are well suited for compressible flows, but they
exhibit problems in the limit of vanishing Mach number. One might
mistakenly conclude from the equation of state that density goes
to zero as the Mach number vanishes while, in fact, the appropri-
ate conclusion is that pressure behaves as the inverse of the Mach
number squared.

This apparentindeterminacyis caused by an improper nondimen-
sionalization of pressure. Here, the pressure scale is

ps=p Ul =y,p,M}

which is representativeof pressure differencesin the flow. Thus, we
have

Ap/p, ~ M}

Hence, very-low-Mach-number flows experience pressure differ-
ences which are much smaller than the absolute or thermodynamic
pressure. This illustratesthe dual role of pressure: the absolute pres-
sure plays a thermodynamicrole in the equation of state while pres-
sure differencesplay a mechanicalrole in the momentum equations.
The present pressure scaling ensures that the magnitude of the di-
mensionless pressure differences is of the order one. However, the
dimensionless absolute pressure itself goes to infinity as the ref-
erence Mach number approaches zero. An appropriate nondimen-
sionalization for the pressure should provide magnitudes of order
one for both the dimensionless pressure differences in the momen-
tum equation and the dimensionless thermodynamic pressure in the
equation of state. Meeting these conditions will improve the be-
havior of the numerical solution algorithm and will ensure that the
appropriate limiting form of the equations are recovered without
indeterminacies.

This is achieved by selecting appropriate values for both the
reference state (p,7,) and the scale for pressure and temperature
(psTy):

p=w—p)/p=p—p)/pU2 T=T-T)/T,
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Equations (1-3) then take the following form:

>~ erz ~ =~ T\‘/Tr ~ S
Vo= —t—i - Vp— — . VT
T e SRS (R
ou-Vu = — p+R—V- M(Vu—l—Vu)—ngV-u +of

e
pépit-VT = Ecit-Vp+—=V-AVT) + 54,
- M2p+ 1
j= L PT 5)
(T,/THT +1

where Ec is the Eckert number:

(v, — HM?
T./T,

Ec=

Equations (5) are applicable to fully compressible flows. They
yield the appropriate low-Mach-number equations in the limit of
M, =0, which implies Ec =0. These are the so-called anelastic
flow equations® They also yield the incompressible flow form of
the Navier-Stokes equationswhen temperaturedifferencesare small
(T\‘/Tr =0). ~

The only possible anomaly is the presence of the term %ﬁl V-u.
But because the continuity equation requires a divergence free ve-
locity vector, this term will numerically vanish. Thus the appropri-
ate incompressible flow equations are recovered. Finally, the limit
(T,/T, =0) yields

T/T, =T(T,/T,)+1=1
so that fluid properties (Table 1) are constant as expected:

w=pu/pe =1, XZA/M:L 5P:Cl’/cl’r:1

The simultaneouslimits M, =0 and 7,/ 7, =0 generate an inde-
terminacy for Ec. This specialcase must be studied carefully because
the two limits (M, =0 and 7, /T, =0) are independent processes.
The Eckert number is

(4 — DM2T, /T, — 0/0 (6)

The physical interpretation of this term provides the basis to prop-
erly specify the input parameter, that is, Ec = (. For adiabatic walls
the temperature scale (the typical temperature differences) is that
described by Panton':

AT, giabatic ~ Urz/cp,. = ()/r — l)Terz

This is the numerator of Eq. (6). Hence, the Eckert number can
symbolically be written as

_ A Tadiabatic
A Timposed

Ec

When the flow approachesincompressibility, 7; must be small to
ensure that fluid properties are constant. Hence, ATjjp05eq 1S small.
At the same time AT,gjjpuic must be much smaller than ATypeq
to guarantee that temperature changes and heat transfer are driven
by the prescribed Dirichlet condition and not by compressibility
effects. This is accomplished by setting Ec =0 in Egs. (5) so that
the usual incompressible flow equations are recovered.

In summary, the proposed formulation using appropriate scales
and reference states for both temperature and pressure makes it pos-
sible to treat all flow regimes in a unified manner: fully compress-
ible, anelastic, and incompressible. A single system of differential
equations (5) is used, and the input parameters (M., Ec, and T/ T,)
define the specific flow regime.
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Adaptive Finite Element Method

The problem is solved using a standard Galerkin finite element
method. The variational equations are obtained by multiplying each
equation by a test function and integrating over the computational
domain. The pressure gradientand viscous conductionterms are in-
tegrated by parts to provide natural boundary conditions. The weak
form is detailed in our previous work.># The system of equations
is fully coupled and highly nonlinear, especially when density and
properties vary. The continuity-momentum-enagy systemis solved
in a fully coupled manner, using Newton’s method. The discretiza-
tion uses a quadratic velocity field, a quadratic temperature, and a
linear continuous pressure approximation on each finite element.

The adaptiveremeshing procedureis modeled after thatof Peraire
etal.” and is described in more details by Ilinca and Pelletier.’ The
procedure clusters grid points in regions of rapid variations of all
dependent variables. Error estimates are obtained for velocity, pres-
sure and temperature by a local least-squares reconstruction of the
solution derivatives®° Following Ilinca and Pelletier,® we consider
the temperature derivatives and not the conduction fluxes. We omit
the diffusion coefficient because properties vary with temperature
so that element diffusion fluxes are no longer linear functions. For
the velocity field, the term Vit + V! — %IV -u is used for error
estimation. An error estimate for pressure is obtained by a local
projection of the pressure itself. No explicit error estimate is com-
puted for density. Because density is computed via the equation of
state, its accuracy is controlled by that of pressure and temperature.

Once the error estimates are obtained for all variables (velocity,
temperature and temperature), a better mesh must be designed. In
our approach all variables are analyzed and contribute to the mesh
adaptation process. For this an error estimate is obtained separately
foreach dependentvariable. The mesh characteristics(element size)
on a given element are derived for each variable by equidistribu-
tion of the error.” The minimum element size predicted for each of
the dependent variable is selected on each element. Details of this
algorithm have been presented previously.?

Applications

Turgeon et al.* verified the adaptive finite element method on a
problem with a closed-form solution. The problem is designed to
mimic a compressible laminar round jet impinging on a heated flat
plate. The variable fluid properties for air in Table 1 are used. See
Turgeon et al.* for details. For this problem both the error estimate
and the true error can be computed and compared. Results show
that mesh adaptation improves the accuracy of boh the solution and
the error estimator. Furthermore, results show that mesh adapta-
tion leads to grid-independentpredictions of both skin friction and
Nusselt number along the solid wall. Figure 1 illustrates the mesh
convergence of the Nusselt number.

Next, the formulation is applied to the air jet of Aihara et al’
Figure 2 presents skin-friction distribution along the solid wall for
five cases. The first three cover incompressible flow with constant
properties,a cold compressiblejet on a hot wall, and a hot compress-
ible jet on a cold wall. In addition, the effect of variable density is
investigatedby performing two additional simulations: one has vari-
able density and constant physical properties, whereas the other is
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Fig.1 Analytical jet: Nusselt number.



ATAA JOURNAL, VOL. 39,NO. 12: TECHNICAL NOTES 2427

0.13 T T T 1
P constant properties
0.16 [ 4 \\ hot wall -----—- T
014 L / \ cold wall - |
’ only p=f(T) (hot wall) -
0.12 only M,CP,X = f(T) (hot wall) ——

. 01
@]
0.08
0.06
0.04
o2l 0 s
0 ! ! ! I I
0 0.5 1 1.5 2 2.5 3
r/d
Fig.2 Skin friction for air.
02 T T T T T
0.18 |- M=0.5, cold wall |
: M=0.5, hot wall -----—-
0.16 - M=0, cold wall - -
M=0, hot wall -
0.14 - M=0.5 uniform, cold wall ——==-- .

-
2

Fig.3 Air at M = 0.5: skin friction.

for incompressible flow (constant density) with variable physical
properties. As can be seen, the wall conditions have the most pro-
nounced influence of the distribution of skin friction. C; is larger
when the jet is heated by the wall because the viscosity of air in-
creases with temperature. In fact, if one looks at the cases of constant
density and of constant physical properties, one concludes that the
effect of p is small but that those of the other properties is larger.
Incompressible and compressible jets with constant properties are
almostidentical, whereas predictionsfrom variable property models
for a hot wall are extremely close together.

Next, complexity of the problem is increased by including com-
pressibility effects caused by pressure (Mach number effects). The
preceding problem is solved again, but this time with M, =0.5.
This choice deserves some comments. First, the Reynolds number
is kept at 500. This condition will occur for very small geome-
tries (small length scale L, ). It also allows for a direct comparison
with low-Mach-number results. Also, the inlet velocity profile is
again parabolic. It is realistic even at high subsonic M, because
the Reynolds number is low (important viscous effects). The refer-
ence velocity is the mean inlet velocity, thus the inlet Mach-number
distribution is parabolic with a maximum of one. Finally, the in-
let tube is reduced to a smaller length (0.2d) to avoid temperature
drops, which would make comparisons to low-Mach-number solu-
tions more difficult. The study is restricted to air. The governing
equations are given by system (5), and the fluid properties vary
according to the expressions given in Table 1. Figure 3 provides
the local skin-friction coefficient distribution along the wall. Com-
pressibility increases the level of C; for both cases. The location
of the maximum is also closer to the axis of symmetry. Including

compressibility effects also increases the demands on the flow
solver. Compressibility increases the velocity and temperature gra-
dients at the wall, thus making the problem more difficult to solve
in terms of nonlinearitiesand mesh refinement. The cold-wall prob-
lems are also more demanding. The air conductivity A,, is lower for
acold wall than for a hot wall. Hence, the temperature gradientat the
wall is larger for the cold wall than the hot wall. The hydrodynamic
boundary layer is also thinner for a cold wall because the apparent
viscosity is lower. For example, VT is five times higher for the air
jet on a cold wall at M, =0.5 than for the air jet on a hot wall at
M, =0.

Conclusions

A unified formulation of the flow equations was presentedto treat
three flow regimes: incompressible flow, strongly heated flow, and
fully compressible flow. A flow solver using this formulation can
handle the simultaneous presence of these regimes in different parts
of the domain as well as temperature-dependent fluid properties.
Predictions for different flow regimes can be compared with confi-
dence because the discretizationis the same for all cases.

The adaptive finite element method yields grid-independent so-
lution for all fields of interest: velocity, pressure, temperature, skin
friction, and Nusselt number.

Computations for air illustrate the pronounced effect of the tem-
perature dependence of fluid properties on the wall shear stress.
Globally, C, is higher for jets impinging on hot walls and are lower
for cold walls. Jets at high subsonic Mach number show increases
in C; when compared to strongly heated low-Mach-number cases.
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